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o 

^ : 1 Introduction 

o 

Q \ A Gerfand-Dorfman bialgebra is a vector space with a Lie algebra structure and a Novikov 
algebra structure, satisfying a certain compatibility condition. This bialgebraic structure 
corresponds to a certain Hamiltonian pairs in the Gel'fand-Dikii-Dorfman's theory of Hamil- 
tonian operators (cf. [GDi], [GDo]). In this talk, I will give a survey on the study of 
Gel'fand-Dorfman bialgebras. First let me give a more technical initial introduction to the 

a ■ 

bialgebras through what I call "Lie algebra with one- variable structure." 

Let F be an arbitrary field. Denote by Z the ring of integers and by N the additive 

semi-group of nonnegative integers. All the vector spaces are assumed over F. Let V be a 

| vector space and let t be an indeterminant. Form a tensor 
(N ' 

o: v = v® ¥ w[t,t- 1 ]. (i.i) 

o 
o 

u{z) = J2( u ® t n )z' n ^ for u G V, (1.2) 



X 



We denote 



where z is a formal variable. A Lie algebra with one-variable structure is a vector space V 
with the Lie bracket of the form 

m n y \ 

[u( Zl ), v(z 2 )} =J2J2 z ^ d i S ( 7 d >^) (1-3) 

for u,v € V, where m, n are nonnegative integers depending on u, v, and Wij G V. Here we 
have used the notation 

*(s)=5>*. (1.4) 

Moreover, each depends on u and v bilinearly by (1.2) and (1.3). Above definition is 
not in general form. We aim at giving the audience a simple rough picture. According 
to Wightman's axioms of quantum field theory, the algebraic content of two-dimensional 
quantum field theory is a certain representation theory of Lie algebras with one-variable 
structure (e.g., cf. [K]), where intertwining operators among irreducible modules, "partition 



functions" (characters in algebraic terms) and "correlation functions" related to (1.3) etc. 
play important roles. 

Suppose that m — n — in (1.3). We denote 

w 00 = [u,v]. (1.5) 

Then (V, [u, v]) forms a Lie algebra and V is the corresponding loop algebra with the Lie 
bracket 

t k ] = [u, v] <g> t j+k for u, v G V, j, keZ. (1.6) 
If V = Fe is one-dimensional and 

[e(^), e{z 2 )\ = z^5 d Z2 e{z 2 ) - 2z 2 7 1 d zi 5 e(z 2 ), (1.7) 

Then V is the centerless Virasoro algebra (or a rank-one Witt algebra) with the Lie bracket 

[e (g) t j , e®t k } = (j - k)e <8> t j+k for j, k G Z. (1.8) 
A natural generalization of the above one- dimensional case is 

[u(z 1 ),v(z 2 )} = z 2 l b d Z2 w 01 (z 2 ) + z 2 x d Zl 5 w w (z 2 ) (1.9) 
for u, v G V. Denote 

Woi — v o u. (1-10) 

Then (V,o) is an algebra satisfying 

(u o v) o w — (u o w) o v, (1-11) 

(u o v) o w — u o (v o w) = (v o u) o w — V o (u o iy) (1-12) 

for u,v,w G V. The above algebra (V, o) appeared in Gel'fand and Dorfman's work [GDo], 
corresponding to certain Hamiltonian operators. Moreover, it also appeared in Balinskii and 
Novikov's work [BN] as the local structures of certain Poisson brackets of hydrodynamic type. 
This structure was first abstractly studied by Zel'manov [Z], Filippov [F] and was named as 
"Novikov algebra" by Osborn [01]. 

Note that (1.12) is the axiom of left-symmetric algebra. Left-symmetric algebras play 
fundamental roles in the theory of affine manifolds (cf. [A], [FD]). Novikov algebras are 
Left-symmetric algebras whose right multiplication operators are mutually commutative (cf. 
(1.11)). Furthermore, 

w w = — (u o v + v o u). (1-13) 

The Lie bracket on V is 

[u ® t j , v <g> t k ] = ju o v <g> t j+k ^ -kvou® t j+k ^ for u, v G V, j, k G Z. (1.14) 



Consider the mixed case 

[u(z 1 ),v(z 2 )} = z^S [w 00 (z 2 ) + d Z2 w 01 (z 2 )] + z 2 l d Zl 5 w w (z 2 ) (1.15) 
for u, v G V. Denote 

w 00 = [v,u], w 01 =vo U . (1.16) 

Then (V, [•, •]) forms a Lie algebra, (V, o) forms a Novikov algebra and the following compat- 
ibility condition holds 

[w o u,v] — [w o v, u] + [w, u] o v — [w, v] o u — w o [u, v] = (1-17) 

for u,v,w G V. 

I called the triple (V, [•,•], o) a Geljand-Dorfman bialgebra (cf. [X4]), which corresponds 
to a certain Hamiltonian pair in Gel'fand and Dorfman's work [GDo]. Moreover, (1.13) holds. 
The Lie bracket on V is 

[ii®t j ,t)® t k ] = [v, u] (g) t j+k +juov® t j+k ^ -kvou® t j+k ^ (1.18) 

for u, v G V, j, k G Z. 

For convenience, we shall use the following notation of index 

m,n = {m, m + 1, n} (1-19) 

for m, n G N such that m <n. 

The article is organized as follows. In Section 2, I will talk about structures of simple 
Novikov algebras and their irreducible representations. In Section 3, I will present some gen- 
eral constructions of Gel'fand-Dorfman bialgebras. In Section 4, 1 will give a few classification 
results on the bialgebras. In Section 5, examples of application to simple "cubic conformal 
algebras" and "quartic conformal algebras" will be given. 

2 Novikov Algebras 

Let us first give a construction of Novikov algebras. Let (A, •) be a commutative associative 
algebra. Then (^4, •) forms a Novikov algebra, which is not so interesting. Take a derivation 
d of (A, •) and £ G A. We define 

u v = ud(v) + £uv for u,v E A. (2.1) 



Then (A, o^) forms a Novikov algebra. The above construction was found by S. Gel'fand 
when £ = (cf. [GDo]), by Fillip [F] when £ G F and by me [X2] in general case. 



Theorem 2.1 (Zel'manov [Z]). Any finite- dimensional simple Novikov algebra over an 
algebraically closed field F with characteristic isomorphic to (F, •). 

Based on Osborn's work [01], I obtained the following result: 

Theorem 2.2 (Xu, [XI]). A finite- dimensional simple Novikov algebra over an al- 
gebraically closed field F with characteristic p > 2 is either one- dimensional with a base 
element e such that e o e = e or has dimension p k for some positive integer k with a basis 

| j G -l,p k - 2} satisfying 

S'l ° S'2 = ( jl+ j2 +1 )%l+j2 + fijl-lfij2,0 a Sp k -2 + ^1,-1^2,-1^-2 ( 2 - 2 ) 

for ji,j2 G — i,p k — 1, where a,b G F are constants. 

Next, we consider infinite-dimensional simple Novikov algebra with charF = 0. Let A be 
an additive subgroup of F and let Fi be an extension field of F. Take a map / : A x A — > 
F* = Fi \ {0} such that 

f(a, (3) = f(P, a), f(a, (3)f{a + (3, 7 ) = /(a, /3 + 7 )/(/3, 7 ) (2.3) 

for a,/9,7 G A. Take J to be the additive semi-group {0} or N. Let -4(A, /, J) be a vector 
space over Fi with a basis 

{u a)l | a G A, i G N}. (2.4) 
We define an algebraic operation "•" on A(A, f, J) by 

w a ,» • upj = f(u,P)ua+/3,i+j for a, P G A, i,j G J. (2.5) 

Then (»4(A, /, J), •) forms a commutative associative algebra over F l5 and also over F. We 
define a derivation d of A(A, f, J) over Fi by 

d(u a>i ) = au a ^ + m Qji _i for a G A, i G J, (2.6) 

where we treat 

u M = if (Ai)^Ax J. (2.7) 
Note that <9 is also a derivation of ^4(A, /, J) over F. 

Theorem 2.3 (Xu, [X2]). For any element £ G (A(A, f, J), the Novikov algebra 
(A(A,f,J),o^) (cf. (2.1)) is simple. 

Osborn [03] gave a classification of infinite-dimensional simple Novikov algebras with an 
element e such that eoe G Fe, assuming the existence of generalized-eigenspace decomposition 



with respect to its left multiplication operator. There are four fundamantal mistakes in 
his classification. The first is using of Proposition 2.6 (d) in [01] with (3 ^ 0, which was 
misproved. The second is that the eigenspace A in Lemma 2.12 of [03] does not form a 
field when b = with respect to the Novikov algebraic operation. The third is that A may 
not be a perfect field when b ^ 0. The fourth is that the author forgot the case 6 = and 
A = {0} in Lemma 2.8. In addition to these four mistakes, there are gaps in the arguments of 
classification in [03]. It seems that one can not draw any conclusions of classification based 
on the arguments in [03]. 

A linear transformation T of a vector space V is called locally finite if the subspace 

oo 

WT m (v) is finite-dimensional for any v e V. (2-8) 

m=0 

An element u of a Novikov algebra Af is called left locally finite if its left multiplication 
operator L u is locally finite. 

I have re-established the following classification theorem: 

Theorem 2.4 (Xu, [X6]) Let (Af,o) be an infinite- dimensional simple Novikov algebra 
over an algebraically field ¥ with characteristic . Suppose thatAf contains a left locally finite 
element e whose right multiplication R e is a constant map and left multiplication is surjective 
if R e = 0. Then there exist an additive subgroup A of ¥, an extension field ¥ 1 of ¥, a map 
f : A x A — > F* satisfying (2.3) and ( G F such that the algebra (Af, o) is isomorphic to 
(A(AJ, J),o c ). 

Now we consider representations of a Novikov algebra. A module M of a Novikov algebras 
(Af, o) is a vector space with two linear maps 

Af x M -> M : (u,w) i-> u o w, M x Af -> M : (w,u) i-> tu o u (2.9) 

such that (1.11) and (1.12) hold when one of the elements in {u,v,w} is in M and the other 
two are in Af. The commutator algebra associated with a finite-dimensional simple Novikov 
algebra over an algebraically closed field F with characteristic p > 2 is a rank-one simple Lie 
algebra of Witt type (cf. [01]), whose finite-dimensional irreducible modules has not been 
completely classified yet. However, we have the following complete result. 

Theorem 2.5 (Xu, [XI]). Suppose that ¥ is an algebraically closed field with charac- 
teristic p > 2. If M is a finite- dimensional irreducible module of a finite- dimensional simple 
Novikov algebra (Af,o) in the presentation (2.2), then there exists a constant A and a basis 
{vj | j e -l,p k - 2} of M such that 

9i ° v h = ( H+ j2 +l ) v h+h + ( n t+i 2 ) Xv h+h+i + *ji,-i^2,oaV-2 ( 2 - 10 ) 



v h ° Si = ( n+ h +1 ) v h+h + ^2,-i^i,oaV-2 + ,-i<*h -1&V-2 ( 2 - n ) 

for ji,j 2 G — l,p k — 2. Moreover, A 7^ i/a 7^ 0. Conversely, (2.10) and (2.11) define an 
irreducible module for any 7^ A G F and /or A = if a = 0. 

Let us go to the case of char F = 0. First we shall give a construction of irreducible 
modules. Take J to be the additive semi-group {0} or N. Let A be a vector space with a 
basis 

{u a: i \ a e¥,i e J}. (2.12) 

Define the operation "•" on A by 

u a ,i ■ Ufij = u a +p,i+j for a, (3 G F, i, j G J. (2.13) 

Then (A, •) forms a commutative associative algebra with the identity element 1 = -Uo,o- 
We define the derivation d on A by (2.6). Let A be an additive subgroup of F such that 
J + A ^ {0}. Set 

N= ¥u ^- ( 2 - 14 ) 

a€A,i€J 

For any fixed element £ G A/", we define the operation "o" on A by 

uov — u ■ (9(f) + £ • u ■ v for v G A (2-15) 

By Theorem 2.3, (^4, o) forms a simple Novikov algebra and (A/", o) forms a simple subalgebra 
of (A, o). For A G F, we set 

M(A)= ^ F Ma+AiJ (2.16) 

Expression (2.15) shows 

Afo M(A), M(A) o A/" C M(A). (2.17) 
Thus M(A) forms an A/"- module. By the proof of Theorem 2.9 in [X2], we have 

Theorem 2.6 (Xu, [X6]). The Af- module M(A) irreducible. 

A natural question is to what extent the modules (M(A) | A G F} cover the irreducible 
modules of Af. Up to this point, we are not be able to answer this for a general element 
£ G Af. For an Af- module M, we define the left action Lm(mo,o) of uo,o by 

Lm(uo,o)(w) = Mo,o w for w E M. (2-18) 

Theorem 2.7 (Xu, [X6]). //£ G F, then any irreducible Af- module M with locally finite 
Lm(uo,o) is isomorphic to M(A) for some A G F, when F is algebraically closed. 



3 Constructions of Gel'fand-Dorfman Bialgebras 

Recall the compatibility condition (1.17). Let (Af,o) be a Novikov algebra. Define 

[u, v]~ — u o v — v o u for u,v&Af. (3.1) 

Theorem 3.1 (Gel'fand and Dorfman, [GDo]). The triple (Af, [•, -]~, o) forms a 
Gel'fand-Dorfman bialgebra. 

Let (A, •) be a commutative associative algebra. Denote by Der A the Lie algebras of all 
the derivations of A. Set 

Af = Der A® A. (3.2) 
We define two algebraic operation [•, •] and o on Af by 

[di + 6, d 2 + 6] = [di, d 2 \ + rf x (6) - d 2 (6), (3-3) 

(rfi + 6)°(rf 2 + 6)=6K + 6) (3.4) 

for di, c? 2 G Der ^4 and £i, £2 £ A. 

Theorem 3.2 (Xu, [X4]). The triple (Af, [■,■], o) forms a Gel'fand-Dorfman bialgebra. 

The above construction is extracted from the simple Lie algebras of Witt type. 

Our second construction is related to the following concept. A Lie-Poisson algebra is a 
vector space A with two algebraic operations "•" and [•, •] such that (A, •) forms a commutative 
associative algebra, (A, [•,•]) forms a Lie algebra and the following compatibility condition is 
satisfied: 

[u, v • w] = [u,v] • w + v • [u, w] for u,v,w G A. (3.5) 

Let (A, •,[•,•]) be a Lie-Poisson algebra and let d be a derivation of the algebra (A, ■) such 
that 

d[u, v] — [d(u), v] + [u, d(v)] + v] for u,v <E A, (3.6) 
where £ G F is a constant. Now we define another algebraic operation on o on A by 

uov — ud(v) + £,uv for u G A, v G ^4. (3.7) 

Theorem 3.3 (Xu, [X4]). TTie tnple (^4, [•,•], o) forms a Gel'fand-Dorfman bialgebra. 
The above construction is related to the Lie algebras of Hamiltonian type and Contact 
type. 

Let (^4, •) be a commutative associative algebra and let 81,82 be mutually commutative 
derivations of (^4, •). Define algebraic operations on A by 

[u, v] = <9i(-u)(9 2 (f ) — <9 2 (-u)<9i(f ) + ud 2 (v) — d 2 (u)v, uov — ud 2 (v) (3.8) 



for u, v G A. 



Theorem 3.4 (Xu, [X4]). The triple (A, [•,•], o) forms a GeUfand-Dorfman bialgebra. 
Let (A, ■), d\ and d 2 be the same as in the above. For any constant b G F, we define 
[u,v] = d\(u)d 2 (v ) — d 2 (u)di(v) + b(ud 2 (v) — d 2 (u)v), uov = ud\(v) + buv (3.9) 
for u, v G A. 

Theorem 3.5 (Xu, [X4]). The triple (A, [•,•], o) forms a GeUfand-Dorfman bialgebra. 

4 Classifications of the Bialgebras 

If (A/", [•,•], o) is a Gel'fand-Dorfman bialgebra, then we say that (A/", [•,•]) is a Lie algebra 
over the Novikov algebra (A/", o). Similarly, (A/ - , o) is a Novikov algebra over the Lie algebra 
(A/\ [-,•])■ 

Let F be an algebraically closed field with char F = 0. Take J to be the additive semi- 
group {0} or N and take an additive subgroup A of F. Let A(A, J) be a vector space with 
a basis 

{u a , t \a G A, i G J}. (4.1) 
For any constant b G F, we define an algebraic operation o b on -4(A, J) by 

uo b v = u ■ d(v) +b ■ u ■ v for u, v G -4(A, J). (4.2) 

By Theorem 2.3, (»4(A, J), o 6 ) forms a simple Novikov algebra. 

Theorem 4.1 (Osborn and Zel'manov, [OZ]). If A = Z, J = {0}, b £ Z or 
A = 0, J = N, £/ien any nontrivial Lie algebra over the Novikov algebra (A(A, J),o b ) is 
isomorphic to (A(A, J), [•, -]~), where 

[U a ,i, U(3,j}~ = (P~ a)u a+ p,i+j + (j - i)u a+ ^ i+j -i (4.3) 

for a, (5 G A and i, j G J. 

Theorem 4.2 (Xu, [X4]). If b G" A, £/ien any Lze algebra over the Novikov algebra 
(A(A, J), o 6 ) aas i/ie Lze bracket 

[« a ,i, M /3,jr'] = [(« + &M/3) - (/5 + &Ma)]*WM+j 

+[i(</?(/?) - A(/3 + 6)) + j(X(a + 6) - p(a))]u Q+/ , )i+:7 -_i (4.4) 

/or a, (3 G A, i, j G J, where ip : A — > F is an additive group homomorphism and X e¥ is a 
constant. 



When J = {0}, (4.4) gives a Block algebra (cf. [B]). Next we assume J = {0} and 
redenote u a $ by u a for a G A. 

Theorem 4.3 (Xu, [X4]) Any Lie algebra over the Novikov algebra (A(A, {0}), o ) has 
the Lie bracket 

[u a , up] = (<j>(a, j3) + a(j3 - a))u a+p for a, (3 G A, (4.5) 

where a is a constant and <f>(-, •) : A x A — > F is a skew-symmetric map such that there exists 
a symmetric map S (-,v):AxAxA^F satisfying 

<f>(P + 7, a) = 0(7, a) + (f)(p, a) + aS (a, P, 7), (4.6) 

( 7 0(a, 0) + a(f>(P, 7) + /90(7, a))(S (a, P, 7) - a) = 0. (4.7) 

/or a, /3,7 G A. In particular, the following satisfies our condition: when a = 0, (ft is any 
skew-symmetric Z- bilinear form; when a 7^ 0, 

0(a, /3) = c^ (/3) - /Vo(a) /or a,P e A, (4.8) 

where ipo : A — > F an additive group homomorphism. 

Theorem 4.4 (Xu, [X4]) Suppose 7^ G A. ylny Lze algebra over the Novikov algebra 
(A(A, {0}), o 6 ) /ias £/ie Lze bracket 

[« a , = 0(a, P)u a+/3+b + ((a + 6)<p(/3) - (/3 + &)<p(a))u a+j 8 (4.9) 

/or a,P E A, where ip : A — > F additive group homomorphism, = if ip(b) 7^ and 
S:AxA^Fisa skew- symmetric map satisfying 

(a + &)(0(a + 7, /?) - 0(7, P) ~ 0(a, P)) = (P + b){0{p + 7, a) - 0( 7 , a) - 0(/3, a)) (4.10) 

and 

0(a, P)9(a + p + b,*y) + 9(P, 7 )0(/3 + 7 + 6, a) + 0(7, «)0( 7 + a + &, /?) = (4.11) 

if (p(b) = 0. In particualr, we can take tp : A — > F to &e any additive group homomorphism 
such that ip(b) = and toi;e 0(-, -)to &e a skew- symmetric Z-bilinear map such that b G Radg 
or 

0(a,P) = <p 1 (a)<p 2 (l3)-<p 1 {P)<p 2 (a) for a, P e A, (4.12) 
where ipi, p 2 '■ A — > F are additive group homorphisms such that (pi(b) = and (p 2 (b) 7^ 0. 

Theorem 4.5 (Xu, [X4]). If o is a Novikov algebra operation on the space A{A, {0}) 
w a o up - up o u a = (P - a)u a+ p fora,PeA, (4.13) 



then there exists an element £ e «4(A, {0}) sfic/i that 



u a oup = (ft + £)u a+ p for a,/?6 A. (4.14) 

5 Application to Cubic and Quartic Conformal Alge- 
bras 

For two vector spaces V\ and V 2 , we denote by LM(Vi, V 2 ) the space of linear maps from V\ 
to V 2 . We shall also use the following operator of taking residue: 

Res z (z n ) = 6 n -! for n E Z. (5.1) 

Furthermore, all the binomials are assumed to be expanded in the nonnegative powers of the 
second variable. For example , 



z — x z(l—x/z) ^ \z 



In particular, the above equation implies 



oo 



So the operator Res x (l/(2; — x))( — ) is taking the part of negative powers in a formal series 
and changing the variable x to z. 

A conformal algebra R is an F[<9]-module equipped with a linear map Y + (-,z) : R — > 
LM(R,R[z- 1 ]z- 1 ) satisfying: 

A p xdy+( v _ r ) v 

Y + (du,z) = ^-Y + (u,z), Y + (u,z)v = Res x l _' ' , (5.4) 

(XZ Z X 

Y+(u, Zl )Y + (v, z 2 ) - Y+(v, z 2 )Y+(u, z x ) = Res / +(F+K Zl - X> ' X) (5.5) 

z 2 — X 

for u,v E R. We denote by (R, d, Y + (-, z)) a conformal algebra. 

The above definition is the equivalent generating- function form to that given in [K], where 
the author used the component formula with Y + (u, z) = Y^=o u (n) z ~ n ~ 1 / n - The connection 
between between the Lie algebra with one-variable structure in (1.3) and conformal algebra 
is that R = ¥[d](g) F V and 

m n 

Y + (u, z)v = ^(-lYiWwijZ-*- 1 . (5.6) 

i=0 j=0 

Conformal algebras are equivalent to linear Hamiltonian operators (cf. [X5]). 



Suppose that (R, d, Y + (-, z)) is a conformal algebra that is a free F[<9]-module over a 
subspace V, namely 

R = ¥[d]V (=W[d]® ¥ V). (5.7) 
Let m be a positive integer. The algebra R is called of degree m if for any u,v <E V, 

Y + (u,z)v = d l WijZ~ j with WijeV, (5.8) 

0<j;i+j<m 

and w m -jj 7^ for some u, v G V and j G 1, to. A quadratic conformal algebra is a conformal 
algebra of degree 2, a cu&ic conformal algebra is a conformal algebra of degree 3 and a 
quartic conformal algebra is a conformal algebra of degree 4. In [X4], I have proved that a 
quadratic conformal algebra is equivalent to a Gel'fand-Dorfman bialgebra. Below I will give 
the construction of quadratic conformal algebra from Gel'fand-Dorfman bialgebras. 
Let (A/", [•,•], o) be a Gel'fand Dorfman bialgebra. Set 

Rj^f = F[<9] ®f A/". (5.9) 

So Rjv is a free F[<9]-module generated by M. For convenience, we identify M with 1 ®M. 
We define a linear map F+(-, 2) : R -> LM(R, R^-^z' 1 ) by 

n / r/ \ m+J 

F + (9 m M,^)9 n t; = 7- 9 n " J (([t;,M]+9(t;o M ))2- 1 + (Mot; + t;o M )2- 2 ) (5.10) 

i=o 

for u,v e Af and to, n G N. 

Theorem 5.1 (Xu, [X4]). TTie tnple (i?^, <9, F + (-, z)) forms a quadratic conformal 
algebra. 

Next I will use the above theorem to construct simple cubic conformal algebras and quartic 
conformal algebras. A conformal algebra (R,d,Y + (-, z)) is called simple if there does not 
exist a nonzero proper subspace X of R such that 

Y + {u,z){l) dl^- 1 } for ueR. (5.11) 

Take J to be the additive semi-group {0} or N. Let T be an additive subgroup of F 2 such 
that 

(j,o) + rv(o,F), r£(F,o). (5.12) 

Let A be the semi-group algebra of T x J with the canonical basis {u a ^ a £ A, i G J}, 
that is, 

u a ,i ■ up d = u a+l3ti+j for a, PeV, i,j G J. (5.13) 



Define two derivations d\ and d 2 of A by 

di(u aji ) = aiu a>i + m a ,i_i, d 2 (u ati ) = a 2 u a ,i (5.14) 

for a = («!, a 2 ) £ T and i G J. 
First we define 

[u, u]i = d-i_{u)d 2 {v) - d 2 {u)d 1 {v) + ud 2 (v) - d 2 (u)v, uo 1 v = ud 2 (v) (5.15) 

Then (A, [•, °i) forms a Gel'fand-Dorfman bialgebra by Theorem 3.4. On R^, the structure 
map (5.10) is determined by 

Yf(u ati , z)ufs d = [((1 + a 1 )p 2 ~ "2(1 + Pi))u a+f3:i+j + (ip 2 - ja 2 )u a+ ^ i+j - 1 

+p 2 du a+ /3 ti+j ]z~ 1 + (a 2 + p 2 )u a+/ 3 ti+j z' 2 . (5.16) 

for a = (ai,a 2 ), P = (Pi, P2) £ T and i, j G J. When /3 2 = — ot 2 , (5.16) becomes 

^Ko^W = / 3 2 [(«i + / 9i + 2 + 9)M Q+/3ii+i + (i + j> Q+/3ii+i _i]2; _1 . (5.17) 

Set 

R 1= Yl ndW^ F[9]p 1 + 2 + 9) %3 + J%3 _ 1 ]. (5.18) 

Q=(ai,Q 2 )er, a 2 ^o /3=(/3i,o)er, jeJ 

Then i?i forms a subalgebra of (i?^, 9, Y^(-, 2;)) by (5.17), that is, 

dR 1 C Yi+(u,z)u G i?!^ 1 ] for u,v E R v (5.19) 

Theorem 5.2 (Xu, [X7]). The conformal algebra (R±, d, Y^~(u, z)) is a simple cubic 
conformal algebra. 

Let A, di and d 2 be the same as in the above. Take b G F to be any fixed constant such 
that 

(F,26)p|rV0, r£(F,0). (5.20) 

We define 

[u, v] 2 = d 2 (u)di(v) — di(u)d 2 (v) + b(ud\(v) — d\(u)v, u o 2 v = ud 2 (v) + buv (5.21) 
for u, v G A. 

Then (A, [•, -] 2 , o 2 ) forms a Gel'fand-Dorfman bialgebra by Theorem 3.5. On i?4, the 
structure map (5.10) is determined by 

Y^(u aji , z)u P j = \{ai(p 2 + 6) - (a 2 + 6)/3i))u a +/3,*+j + (*(/?2 + 6) - j(«2 + &))u a +/?,i+j-i 
+(& + 6)9w a+Ai+j ]z- 1 + (a 2 + /3 2 + 26)M Q+/3ji+i 2;- 2 . (5.22) 



for a = (ai, a 2 ), (3 = (f3 1: f3 2 ) G T and i, j G J. When a 2 = 2b — f3 2) (5.22) becomes 

Y 2 + (u a4 ,z)up d = (P 2 + b)[(a 1 + Pi + d)u a+ p, i+j + (i + ^u^^^z' 1 . (5.23) 

Set 

i? 2 = ^ F[cK,,+ ^ F^px + ^u^+ju^-x]. (5.24) 

a=(ai,a 2 )er, a 2 ^-26 /3=(/3i,-26)er, jeJ 

Then i? 2 forms a subalgebra of (i?4, d, Y 2 + (-, z)) by (5.23), that is, 

dR 2 cR 2 , Y+(u,z)v E R^z- 1 ] for u,v G i? 2 - (5.25) 

Theorem 5.3 (Xu, [X7]). T/ie conformal algebra (R 2 ,d,Y 2 + (u, z)) is a simple cubic 
conformal algebra ifb = and is a simple quartic conformal algebra ifbj^O. 
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